
330 INZ HENE RNO-FIZIC HESKII ZHURNAL 

CALCULATION OF A TWO-PHASE FLOW IN AN AXISYMMETRIC NOZZLE 

I. M. Kapura, V. I. Serebrennikov, and D. G. Chernikov 

Inzhenerno-Fizicheski i  Zhurnal, Vol. 13, No. 5, pp. 631-638, 1967 

UDC 532.529.5:533.601.15 

A system of differential equations is presented to describe a two-phase 
flow through an axisymmetric supersonic nozzle. The results for the 
solution of this system on a "Minsk-14" computer are given. The theo- 
retical results are compared qualitatively with the experimental data. 

Papers  devoted to the experimental and theoretical  
investigation of the p rocess  of gas discharge f rom a 
supersonic nozzle with condensed-phase inclusions are 
appearing with increasing frequency in the domestic 
and foreign l i terature  [2, 3, 4]. It has been demonst ra -  
ted in these re fe rences  that the cr i t ical  c ross  section 
for such a flow shifts to the diverging part  of the noz-  
zle, the condensed phase is leftbehind, and the veloc-  
ity of the gas phase is reduced at the nozzle outlet in 
comparison with the flow of a pure gas. It had been 
ascertained experimentally that for the complete ex-  
pansion of a gas with condensed part icle  inclusions a 
greater  degree of nozzle expansion was needed than in 
the case  of a pure gas. 

Here we will calculate the process  of a two-phase 
flow in an axisymmetr ic  supersonic nozzle and exam-  
ine cer ta in  of the relationships derived as a result  of 
the calculation. 

In deriving the equations describing the two-phase 
flow through an axisymmetr ic  nozzle, we made the 
following assumptions: 

1) the flow is steady and one-dimensional;  
2) the heat capacity of the gas is independent of 

temperature;  
3) the gravimetr ic  composition of the two-phase 

flow does not change during the course  of its motion; 
4) the part icles  are spherical  in shape and of iden- 

tical diameter ;  
5) the specific volume of the par t ic les  is negligibly 

small in comparison with the specific volume of the 
gas phase; 

6) the wave losses which become possible when the 
phase-veloci ty difference:wg - Ws reaches  the speed 
of sound are not taken into consideration; 

7) the motion of the flow proceeds without exchange 
of heat with the ambient medium; tosses due to the 
fr ict ion of the flow against the walls are not considered; 

8) there is no exchange of heat between the solid 
part icles and the gas. 

With the assumptions made here,  the process  of a 
two-phase flow through an axisymmetr ic  supersonic 
nozzle is described by the following equations: 

the equation of state for the gas phase 

1 dp 1 dyg 1 dT 
~ 0, 

p dx yg dx T dx 

the continuity equation 

1 dF + 1 dwv, ~_ 1 dyg - 0 ,  
F dx wg dx yg dx 

the equation of energy for the two-phase flow 

dwg . dws dT 

the equation of momentum 

_ _  _ _  ~Og dWg ~g dws gE . dp -~gg  +gs  
'y g dx g dx g dx 

(i) 

Having introduced the speed of sound, and having 
brought these equations to the form of (2), we obtain 

dws 3 cx Vg (wg--Ws) 2 

dx 4 d s Ys ws 

dwg _ 1 (wg dF gs M2 dws ~ 
dx M z - 1  \ F  dx gg dx ] '  

dp _ _ _  y__gWg { d_Wg g s dws ] 
dx g \ dx + ' g g  dx ]' 

dx cp Wg gg dx ' 

dyg _. ~g_ dp fig dT (3) 
dx p dx T dx 

The second equation in system (3) represents  the 
so-cal led condition of inverse action. Vulis [1] estab-  
lished a relation s imilar  to this for a pure gas. 

As follows f rom the second equation of system (3), 
two actions are  imposed simultaneously on a gas: the 

wg dF and the mechanical (the fr ict ion of geometr ic  - F - d x -  

the gas against the part icles and the expenditure of ki- 

netic energy to accelerate  the particles) g__L M ~ dws 
gg dx 

It is this c i rcumstance that serves  as the basis for all 
phenomena occurr ing in a supersonic nozzle through 
which a two-phase flow is proceeding. The sign of the 

1 
quantity M~ - 1 varies  on transition of the velocity 

through the cr i t ical  value and the nature of the influ- 
ence exerted by the individual physical actions on the 
gas flow is therefore different (opposite) for subsonic 
and supersonic flows. The cri t ical  velocity can be at-  
tained only in the expanding part  of the nozzle, since 

the equation of motion for the solid particle 

dwg 3 c x ),g (~g - -  ~,s) ~ 
dx 4 dg ys ws 

To integrate the system of differential equations 
(1) they must  be brought to the form 

dy~ _ f ( x ,  gl, g~ . . . . .  gn) i =  1,2 . . . . .  n. (2) 
dx 



JOURNAL OF ENGINEERING PHYSICS 331 

~ n  ,,~ =L 

7" . lcr . .  

tgO0 ~c~ 98/ 700 ---.-~..,, 

1000 /.3 5OO 

5 /.t 4,00 gO0 z,. 

800 0,9 
3 u 

700 O.7 

2 0.5 P " - -  800 t 

500 0.3 
M " - "  

~00 
/.0 Ws 

300 ZO~ 
2 0 0  O.6 

I 0 0  
0 0.2 , ' "  . . . . . . . . . . .  " .................................................. 

0 t0 20 30 oO 50 60 70 x 

Fig.  1. Change in two-phase  flow p a r a m e t e r s  T(~ yg (N/m~), p (N/m~), Wg ( m / s e e ) ,  
w s ( re~see) ,  M with r e spec t  to the nozzle  length x (ram) for  weight compos i t ion  gg = 

= 0.4 and p a r t i c l e  s ize  d s = 10 -~ m.  
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M = 1 fo r  wg dF _ gs N12 dw----L. In o t h e r  words ,  
F dx . gs dx 

t r a n s i t i o n  th rough  the c r i t i c a l  v e l o c i t y  i s  p o s s i b l e  only 

a t t h e p o i n t a t w h i c h  ws dF _ g L  M~ dws - -0 .  whi l e  
F dx g~ dx 

the  v e l o c i t y  i s  subson ic  in the  n a r r o w  s e c t i o n  of the  
nozz le  in th is  c a s e .  On the b a s i s  of the f o r m  of the  
e x p r e s s i o n  in the  p a r e n t h e s e s  we can  s t a t e  that  if the 
p a r t i c l e s  a r e  sm a l l  in d i a m e t e r  and g iven  tha t  they  a r e  
p r e s e n t  in  g r e a t  n u m b e r ,  the  d o w n s t r e a m  shif t  in the  
c r i t i c a l  c r o s s  s e c t i o n  shou ld  be  g r e a t e r  than  in the 
c a s e  in which the p a r t i c l e s  a r e  l a r g e  and few in numbe r .  

To so lve  the  s y s t e m  of d i f f e r e n t i a l  equa t ions  (3) we 
m u s t  a s s u m e  the b o u n d a r y  cond i t ions  fo r  f ive  v a r i a b l e s  
(Po, To, 7g0, Wg0, Ws0). If the  nozz l e  w e r e  c o n v e r g i n g  
(a s u b e r i t i c a l  p r e s s u r e  d i f f e rence ) ,  a l l  f ive  p a r a m e t e r s  
could  be  s p e c i f i e d  at  the  nozz le  in le t  and the p r o b l e m  
would be  so lved .  However ,  if the nozz le  p r o f i l e  i s  s u -  
p e r c r i t i c a l  (a de  L a v a l - t y p e  nozz le ) ,  add i t iona l  c o n -  
s i d e r a t i o n s  a r e  needed  fo r  the so lu t ion  of the p r o b l e m .  
Since  the  c r i t i c a l  p a r a m e t e r s  in  a s u p e r s o n i c  nozz le  

m a y  be ob ta ined  only w h e r e  r~,g dF gs t],i~ d~vs _ 
F dx g~, dx 

= O, the bounda ry  condi t ion  fo r  the  gas  v e l o c i t y  m a y  be 
s p e c i f i e d  only in the f o r m  

Wg dF gs M ~ d~vs 
wg = a fo r  - 7 -  "-d-x = gg dx 

It i s  p r e c i s e l y  h e r e  that  the  c r i t i c a l  c r o s s  s e c t i o n  of 
the nozz le  wi l l  be  found. 
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Fig .  2. D i s t a n c e  to c r i t i c a l  s ec t i on  
l c r  (m) and nozz le  length  1 n (m) as  
func t ions  of p a r t i c l e  s i z e  d s (m) and 

weight  c o m p o s i t i o n  gg. 

The s y s t e m  of o r d i n a r y  d i f f e r e n t i a l  equa t ions  (3) 
was  so lved  by the  R u n g e - K u t t a  me thod  on a " M i n s k -  
14" c o m p u t e r .  The nozz le  p r o f i l e  was  g iven  b e f o r e  the 
i n t e g r a t i o n  was  s t a r t e d .  F o r  conven ience  in c o m p a r i n g  
the r e s u l t s  of the  v a r i o u s  c a l c u l a t i o n s ,  a l l  of the n o z -  
z l e s  w e r e  of i d e n t i c a l  t h r o a t  a r e a  and the expanding  
s e c t i o n s  of the nozz l e  a l l  had  an i d e n t i c a l  d i v e r g e n c e  
angle .  The a r e a  of the nozz le  ou t le t  was  d e t e r m i n e d  
by i n t e g r a t i o n  to c o m p l e t e  expans ion  of the gas  (up to 
p ~ 0.981 �9 10 s N/m~). The nozz le  p r o f i l e  was  a s s u m e d  

to be  r e c t i l i n e a r  (dr /dx - -cons t ) .  The v e l o c i t y  of the  
s o l i d  p a r t i c l e s  at the  in le t  to the nozz le  was  wg 0 = 
= 0.9wg 0. The m a i n  c a l c u l a t i o n  was  c a r r i e d  out fo r  the 
fo l lowing  i n i t i a l  da ta :  P0 = 4.91 �9 105 N / m  2, T o = 700 ~ K; 
gg = 0.97; 0.8; 0.6; 0.4; 0.2; d s = 10 �9 10-4m; 10-5m; 
0.2 �9 1 0 ~ m ;  7s =.2.94 �9 104N/m'~; k =  1.3; Cp =2100 
J / k g  �9 deg;  R =491 J / k g  �9 deg; /Zg = 3 . 9 2 ,  10 -5 N �9 
. s e e / m 2 ;  g = 9.81 m / s e e  2. 

F i g u r e  1 shows the change in the p a r a m e t e r s  p, T, 
~/g, wg, Ws, a n d M  a long the  nozz l e  length f o r  gg = 0.4; 
dg = 10 �9 10 "~ m.  A s w e  c a n s e e f r o m t h e f i g u r e ,  in  the  
n a r r o w  nozz le  s e c t i o n  (x = 8 ram) a gas  ve loc i t y  equal  
to the  s p e e d  of sound i s  not a t t a ined  and the c r i t i c a l  
c r o s s  s e c t i o n  sh i f t s  to the  expanding p a r t  (x ~- 54 mm) .  

F i g u r e  2 shows how the c r i t i c a l  c r o s s  s e c t i on  of 
the  nozz l e  sh i f t s  f o r  v a r i o u s  gg and d s .  With  a r e d u c -  
t ion  in  gg the  c r i t i c a l  c r o s s  s e c t i o n  sh i f t s  a l l  the  m o r e  
m a r k e d l y  to the  expand ing  p a r t .  F o r  gg = 0.2, t h e r e  i s  
no funct ion  l c r  = f ( g g ,  ds) ,  s i n c e  the p r e s s u r e  d i f f e r ence  
P0/~I = 5 was  inadequa te  to a c c e l e r a t e  the gas  to M = 1. 
When gg = 0.97 the c r i t i c a l  c r o s s  s e c t i o n  i s  found v i r -  
t ua l l y  at the  n a r r o w  c r o s s  s e c t i o n  of the  nozz le .  

Whi le  the  Weight c o m p o s i t i o n  a f fec t s  the  magn i tude  
of the  sh i f t  in  the  c r i t i c a l  c r o s s  s e c t i o n i n  a c o m p l e t e l y  
def ined  m a n n e r ,  the s a m e  cannot  be  s a id  of the p a r -  
t i c l e  d i m e n s i o n s .  F o r  each  gg t h e r e  i s  a c o m p l e t e l y  
def ined  p a r t i c l e  d i m e n s i o n  fo r  which the magn i tude  of 
the  sh i f t  a t t a in s  a m a x i m u m  va lue .  A shif t  to the lef t  
and to the  r i g h t  of the  m a x i m u m  c a u s e s  the  t w o - p h a s e  
flow to a p p r o a c h  a p u r e  gas .  A sh i f t  to the  lef t  r e -  
su l t s  f r o m  a r e d u c t i o n  in the  v e l o c i t y  d i f f e r ence  b e -  
tween the g a s e o u s  and so l id  p h a s e s  and app roach  to 
to ta l  k i n e m a t i c  equ i l i b r i um (he re  t h e r e  i s  a r educ t ion  
in the  m e c h a n i c a l  ac t ion  as  a r e s u l t  of a r educ t i on  in 
the  i r r e v e r s i b l e  l o s s e s  due to f r i c t ion ) ,  whi le  a shif t  
to the r i gh t  r e s u l t s  f r o m  a r e d u c t i o n  in  the  f low of 
ene rgy  to a c c e l e r a t e  the p a r t i c l e s  b e c a u s e  of a p r o -  
nounced drop  in the v e l o c i t y  of the  p a r t i c l e s  as  t h e i r  
d i a m e t e r s  a r e  i n c r e a s e d .  

The length  of the  nozz le  i s  a f fec ted  ana logous ly  by 
gg and ds .  With  an i n c r e a s e  in  the  to ta l  m e c h a n i c a l  
ac t ion  (the m e c h a n i c a l  l o s s e s  p lus  the  e n e r g y  to a c -  
c e l e r a t e  the p a r t i c l e s ) ,  the nozz le  length i n c r e a s e s ,  
r e a c h i n g  a m a x i m u m  va lue  fo r  a c e r t a i n  ds.  The r e -  
duct ion  in  gg at  a l l  p a r t i c l e  d i a m e t e r s  l e a d s  to an 
i n c r e a s e  in nozz le  length,  s i n c e  with a r e d u c t i o n  in 
gg the m e c h a n i c a l  ac t ion  on the gas  i s  i n c r e a s e d .  The 
c u r v e  fo r  gg = 0.2 i s  somewha t  d i f f e r en t  in na tu re .  
This  i s  exp la ined  by the fac t  tha t  fo r  d g =  0.2•  104  m 
and 10 -5 m the p r e s s u r e  d i f f e r e nc e  was  inadequa te  to 
a c c e l e r a t e  the gas  to the  s p e e d  of sound,  s i n c e  a g r e a t  
p o r t i o n  of the  e n e r g y  f lux was  expended o n p a r t i c l e  a c -  
c e l e r a t i o n .  It should  a l so  be  noted  that  ff we take  a 
nozz le  whose  length  i s  equal  to that  of a nozz le  c a l c u -  
l a t ed  fo r  a p u r e  gas ,  and if a t w o - p h a s e  flow w e r e  
p a s s e d  th rough  such a nozz le  with the s a m e  p r e s s u r e  
d i f f e r ence ,  the  nozz le  would funct ion with u n d e r e x p a n -  
s ion.  Thus,  fo r  gg = 0.4 and d s = 10"~m (see  F ig .  1) 
the p r e s s u r e  at  the  poin t  c o r r e s p o n d i n g  to  the  length  
of such  a nozz le  (x = 48.6 ram)  amount s  to p = 1.42 �9 
�9 10 ~ N / m  z. The s a m e  r e s u l t  was  ob ta ined  by K o m o v b y  
d i r e c t  m e a s u r e m e n t  of the p r e s s u r e  at the nozz le  ou t -  
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le t  in the f low of a pu re  gas  th rough  that  nozz l e  a n d f o r  
the f low of a gas  wi th  condensed  p a r t i c l e s  [2]. The 
s a m e  r e f e r e n c e  p r e s e n t s  p h o t o g r a p h s  of the c o m p r e s -  
s ion  shocks  behind  the  nozz l e  out le t .  \The c o m p r e s s i o n  
shock  in a t w o - p h a s e  flow is  s i t u a t e d  f a r t h e r  v u s t r e a m  
than in  the  c a s e  of the  d i s c h a r g e  of p u r e  a i r .  Since  
the  c r i t i c a l  c r o s s  s e c t i o n  of a t w o - p h a s e  flow sh i f t s  to 
the  expand ing  p a r t  of the  nozz le ,  the v e l o c i t i e s  of the 
g a s e o u s  p h a s e  of a t w o - p h a s e  flow and of a p u r e  gas  
at the nozz le  ou t l e t  wi l l  be d i f f e ren t ,  with the p u r e  gas  
exh ib i t i ng  a h i g h e r  ve loc i t y .  Th is  obv ious ly  r e s u l t s  in  
a s i t u a t i o n  in  which  the c o m p r e s s i o n  shock  in  the  two-  
p h a s e  f low wi l l  sh i f t  f a r t h e r  u p s t r e a m  than the c o m -  
p r e s s i o n  shock  in a p u r e  gas .  

The a n a l y s i s  of the  changes  in  the  v e l o c i t i e s  of the  
gas  and s o l i d  p a r t i c l e s  as  a funct ion  of the change  in 
the  weight  c o m p o s i t i o n  a n d p a r t i c t e  d i m e n s i o n s  (Fig .  3a) 
shows that  the  l a r g e s t  p a r t i c l e s  exhib i t  the g r e a t e s t  lag,  
whi le  the  l e a s t  lag  i s  e x h i b i t e d  by t h e f i n e  p a r t i c l e s .  It 
i s  i n t e r e s t i n g  to note that  l a r g e  p a r t i c l e s  o v e r  the e n t i r e  
r a n g e  of v a r i a t i o n  in gg change  t h e i r  v e l o c i t y  only sl ightly.  
The v e l o c i t y  of the g a s  and of the p a r t i c l e s  i n c r e a s e s  
with i n c r e a s i n g  gg, whi l e  the  gas  v e l o c i t y  fo r  gg c l o s e  
to 1 t ends  to the  v e l o c i t y  of d i s c h a r g e  fo r  a p u r e  gas .  

t ~  ~g=0..97 
- -  0.0 

600 0 . ~  
400 0.4 970.0 0.6 a 

2OO .} ~ s  

6t8 =0,2 
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Fig .  3, Change  in gas  v e l o c i t y  
Wg (m/see ) ,  so l id  p a r t i c l e s  w s 
(m/sec ) ,  and s l ip  coe f f i c i en t  w 
as  func t ions  of a change  in p a r -  
t i c l e  s i z e  ds  (m) and weight  c o m -  

p o s i t i o n  gg. 

To ana lyze  the i r r e v e r s i b l e  l o s s e s  a r i s i n g  as  a 
r e s u l t  of p a r t i c l e  f r i c t i o n  aga in s t  the gas ,  i t  i s  of i n -  
t e r e s t  to t r a c e  the change  in the ad i aba t i c  e f f i c i ency  ~7 
of the  d i s c h a r g e  p r o c e s s  f o r  a t w o - p h a s e  flow. This  
can  be e x p r e s s e d  as  

To- -T~  (4) 
7o--7", 

However ,  the s a m e  e f f i c i ency  can  be  e x p r e s s e d  in 
t e r m s  of the p h a s e  v e l o c i t i e s ,  u s ing  the equa t ion  fo r  
the c o n s e r v a t i o n  of e n e r g y  

,2-k g~ w 2 55g Z s 

~1 ~ Wzag 

T ,  = ( p, t a ,  with c o n s i d e r a t i o n  of (4) S ince  ~-0  \ Pc " 

k--I 
r, (p, / 
T--~= \ P0 / -  

F r o m  the funct ion  rl = f ( g g ,  ds) ,  shown in F ig .  4a, 
we s e e  that  with a r e d u c t i o n  in  gg the i r r e v e r s i b l e  l o s -  
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Fig .  4. Dependence  of e f f i -  
c i ency  ~? of outflow and s p e -  
c i f ic  i m p u l s e  I (sec)  of two-  
phase  f low r e l a t e d  to a gas  
phase  onwe igh t  c o m p o s i t i o n  
gg and p a r t i c l e  s i z e  d s (m). 
1) d s = 0.2 ' 10-5; 2) 10-~; 

3) 10 • 10 -~. 

s e s  due to f r i c t i o n  i n c r e a s e  and the ad iaba t i c  e f f i c i e n -  
cy of the d i s c h a r g e  p r o c e s s  fo r  the  t w o - p h a s e  flow 
d i m i n i s h e s .  With  a r e d u c t i o n  in p a r t i c l e  d i m e n s i o n s  
t h e s e  l ag  d e c r e a s i n g l y  behind  the gas  and the l o s s e s  
due to f r i c t i o n  d imin i sh .  The l o s s e s  a r e  r e d u c e d  p a r -  
t i c u l a r l y  s h a r p l y  when the p a r t i c l e  d i m e n s i o n s  b e c o m e  
s m a l l e r  than (1 -2 )  x 10 -5 m.  

It  has  been  e s t a b l i s h e d  that  with i n c r e a s i n g  p a r t i c l e  
d i m e n s i o n  the s l ip  f a c t o r  w = w s / w g  (Fig .  3b) d i m i n -  
i s h e s .  The dependence  of the s l ip  f a c t o r  on the weight  
c o m p o s i t i o n  i s  r a t h e r  weak  in c o m p a r i s o n  with i t s  d e -  
pendence  on the p a r t i c l e  d i m e n s i o n s .  This  i s  p a r t i c u -  
l a r l y  v a l i d  fo r  s m a l l  p a r t i c l e s .  Thus,  fo r  p a r t i c l e s  
wi th  dg = 0.2 • 10-~ m wi th  a change  in gg f r o m  0.97 to 
0.2 the  s l ip  f a c t o r  changes  f r o m  0.93 to 0.95. The in -  
c r e a s e  in the  s l ip  f a c t o r  with an i n c r e a s e  in the weight  
c o m p o s i t i o n  of the so l id  phase  can  be exp la ined  by the 
i n c r e a s e  in nozz le  length  in  th is  c a s e  (see  Fig .  2). 
With a g r e a t e r  nozzle  length  the p a r t i c l e s  can ach ieve  
g r e a t e r  a c c e l e r a t i o n  and the s l ip  f a c t o r  i n c r e a s e s .  An 
i n c r e a s e  in p a r t i c l e  l ag  l e a d s  to a p ronounced  i n c r e a s e  
in the i r r e v e r s i b l e  f r i c t i o n  l o s s e s .  It i s  p r e c i s e l y  for  
th i s  r e a s o n  that  the  g r e a t e s t  l o s s e s  occu r  in the  m o -  
t ion  of a t w o - p h a s e  flow with l a r g e  p a r t i c l e s  (Fig.  4a). 

The s p e c i f i c  i m p u l s e  of a t w o - p h a s e  flow (Fig.  4b), 
r e f e r r e d  to the gas  phase ,  

I :  W g q_ gs Ws 
g gg g 

As we can  s e e  f r o m  the f igu re ,  wi th  an i n c r e a s e  in the 
weight  c o m p o s i t i o n  of the  s o l i d  phase  the  s p e c i f i c  i m -  
p u l s e  i n c r e a s e s .  A r e d u c t i o n  in p a r t i c l e  d i m e n s i o n s  
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leads  to an even g r e a t e r  i n c r e a s e  in the speci f ic  i m -  
pulse.  The spec i f ic  impulse  of a two-phase mix ture  
for  gg = 0.2 and ds = 0.2 , 10 -~ m is  g r e a t e r  than the 
specif ic  impulse  for  a pure  gas by a fac tor  of approx-  
imate ly  two. F o r  l a rge  pa r t i c l e s  ds = 10 " 10 -5 m in 
the range  gg = 0 .5-1  the speci f ic  impulse  r ema ins  
v i r tua l ly  unchanged and i s  approximate ly  equal to the 
specif ic  impulse  of a pure gas, which can be explained 
by the v i r tua l ly  constant and ex t r eme ly  low veloci ty  of 
the sol id  phase.  

It i s  obvious that the r e su l t s  of the calculat ions  a r e  
l imi ted  by the f r amework  of the adopted assumptions .  
In conclusion, we should dwell on one of these,  i. e . ,  
on the assumption that there  is  no exchange of heat  
between the phases .  To evaluate the effect of this a s -  
sumption on the flow p a r a m e t e r s  at the nozzle outlet,  
we c a r r i e d  out a ca lcula t ion with cons idera t ion  of the 
t r ans f e r  of heat  between the phases  for  gg = 0.4 and 
ds = 10 "~ m. After  the calcula t ion was c a r r i e d  out the 
h e a t - t r a n s f e r  equation 

dTs _ 6ga (Ts-- Tg) .... 1 
dx csds ~/s Ws 3600' 

was introduced into the sys tem of equations (3) and the 
equation for  the conservat ion  of energy vdtl have the 
form 

dTg _ ~g ( dwg 

dx c~ \ dx + 

+ g~ ~'~ dws ~ __ gscs dTs 
Cg Wg dx / gg Cp dx 

In the de te rmina t ion  of the h e a t - t r a n s f e r  coefficient  
i t  was assumed that the sphe r i ca l  p a r t i c l e s  a r e  sub-  

jec t  to s teady s t reaml in ing .  This same assumption 
se rved  to evaluate the maximum effect which might  be 
exerted,  by the exchange of heat between the phases,  
on the p roce s s  for  the d ischarge  of two-phase flow. As 
a ma t t e r  of actual fact,  the flow pas t  the spheres  is  
nonsteady and the exchange of heat between the phases  
is  sma l l e r .  

The calculat ion showed that cons idera t ion  of the ex-  
change of heat (for gg = 0.4 and d s = 10 -5 m) leads to 
an insignif icant  change in the  efficiency of the d i scharge  

p roce s s  (by 0 .3%)andinthe specif ic  impulse  (by 0.15~.  
This sl ight  effect on the par t  of heat t r ans f e r  may 

be explained by the fact  that the heating of the gas due 
to the t r ans f e r  of heat along the nozzle occurs  mos t  
in tensively at the end of the expansion p rocess .  

NOTATION 

d s is  the s o l i d - p a r t i c l e  d i ame te r ;  
gg and gs a re  the m a s s  f rac t ions  of the gas and sol id  

phases  in a flow; 

Wg and Ws a re  the ve loc i t i es  of the gas and sol id  
phases  in a flow; 

w is  the sl ip coefficient;  
a is  the speed of sound of the gas  phase;  
p is  the p r e s s u r e  of the gas  phase in flow; 
Tg and Ts a r e  the specif ic  weight of the gas and solid 

phases  in the flow; 
r and F are  the radius  and a r ea  of a nozzle c r o s s -  

sect ion;  
x is  the coordinate  along the nozzle axis;  
y i s  the normal  to i t ;  
/ th,  /cr ,  and In a r e  the d is tances  f rom the exi t  to 

the throat ,  to the c r i t i c a l  c r o s s - s e c t i o n ,  and to the 
nozzle exit;  

Cx is  the r e s i s t a nc e  coefficient of a sphere  p laced 
into a gas flow; 

M is  the r e l a t ion  of the veloci ty  of a gas  phase to 
the speed of sound; 

k, cp, R are  the adiabat ic  exponent, the specif ic  
heat capaci ty  at constant p r e s s u r e ,  and the gas con- 
stant of the gas phase;  

pg is  the dynamic v i scos i ty  coefficient  of the gas 
phase;  

T o i s  the gas  t empe ra tu r e  at the nozzle exit;  
T t i s  the gas  t empe ra tu r e  at the nozzle outlet when 

pure gas flows over  i t  under adiabatic conditions; 
T 2 is  the gas t empera tu re  at the nozzle outlet when 

two-phase flow moves over  i t  (for an ident ical  p r e s -  
sure  drop);  

~? i s  the adiabat ic  eff iciency of two-phase d ischarge ;  
I i s  the specif ic  impulse  r e l a t ed  to the gas phase;  

is  the heat t r ans f e r  coefficient;  
Subscr ipts :  0 i s  the p a r a m e t e r  at the nozzle exit ;  

1 is  the p a r a m e t e r  at the nozzle outlet; g is the gas 
phase;  s i s  the sol id  phase;  th i s  the throat ;  c r  is  the 
c r i t i c a l  sect ion;  n is  the nozzle. 
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